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ABSTRACT
Given a six-dimensional symplectic manifold (M,B), a nondegenerate, co-closed four-form C in-
troduces a dual symplectic structure B˜ = ∗C independent ofB via the Hodge duality ∗. We show that
the doubling of symplectic structures due to the Hodge duality results in two independent classes of
noncommutativeU(1) gauge fields by considering the Seiberg-Witten map for each symplectic struc-
ture. As a result, emergent gravity suggests a beautiful picture that the variety of six-dimensional
manifolds emergent from noncommutative U(1) gauge fields is doubled. In particular, the doubling
for the variety of emergent Calabi-Yau manifolds allows us to arrange a pair of Calabi-Yau manifolds
such that they are mirror to each other. Therefore, we argue that the mirror symmetry of Calabi-Yau
manifolds is the Hodge theory for the deformation of symplectic and dual symplectic structures.
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1 Introduction
Emergent gravity is based on a novel form of the equivalence principle known as the Darboux theorem
or the Moser lemma in symplectic geometry stating that the electromagnetic force can always be
eliminated by a local coordinate transformation as far as spacetime admits a symplectic structure,
in other words, a microscopic spacetime becomes noncommutative (NC) [1, 2, 3]. See also closely
related works [4, 5, 6] and reviews [7, 8]. A basic idea of emergent gravity is to isomorphically map
the deformations of symplectic structure on a symplectic manifold (M,B) to those of Riemannian
metric on an emergent Riemannian manifold (M,G). The deformation of symplectic structure is
described by considering a line bundle L → M over the symplectic manifold (M,B) such that the
curvature F = dA of the line bundle L defines a locally deformed symplectic two-form F = B + F
on an open neighborhood U ⊂ M . The resulting symplectic structure (M,F) defines a dynamical
system and it can be quantized using the underlying Poisson structure θ ≡ B−1. The quantization of
the dynamical system results in a dynamical NC spacetime which is described by a NC U(1) gauge
theory and interpreted as the quantization of the emergent Riemannian manifold (M,G) [3].
The dynamical variables described by the NC U(1) gauge theory form a NC algebra Aθ under a
quantum ⋆-bracket [−,−]. Given a quantum algebra (Aθ, [−,−]), there are two isomorphic represen-
tations of the quantum algebra. Since the NC algebraAθ admits a separable Hilbert spaceH and so a
countable basis, there is a Lie algebra homomorphism ρ : Aθ → End(H) which is a matrix represen-
tation in the Hilbert space H. An element in End(H) is an N × N matrix where N = dim(H) and,
in our case, N → ∞. Another representation is given by the adjoint representation ad : Aθ → D
which is also a Lie algebra homomorphism. Since D is the inner derivation of the algebra Aθ under
the ⋆-bracket [−,−], an element in D is given by a differential operator in the differential algebra.
An interesting problem is to identify the theories described by the set of large N matrices in End(H)
and the set of differential operators in D, respectively. It turns out [2, 3] that the former is described
by a large N gauge theory in lower dimensions whose dynamical variables take values in End(H)
and the latter in a classical limit describes a higher-dimensional gravity. Since these two theories are
equally derived from the NC U(1) gauge theory taking values in the NC algebra Aθ, they should be
physically equivalent (or dual) to each other. The relationship between a lower-dimensional large
N gauge theory and a higher-dimensional gravity is known as the gauge/gravity duality or large N
duality.
Emergent gravity is very similar to mirror symmetry in the sense that the deformation of symplec-
tic structure is isomorphically mapped to the deformation of Riemannian metric [2]. In particular,
a Ka¨hler manifold carries a natural symplectic structure inherited from a Ka¨hler metric. Therefore
the Ka¨hler manifold is a symplectic manifold. Mirror symmetry in string theory is a correspondence
between two topologically distinct Calabi-Yau (CY) manifolds (X, Y ) that give rise to the exactly
same physical theory [9]. The idea is that mirror symmetry provides an isomorphism between certain
aspects of complex geometry onX and certain aspects of symplectic geometry on Y . In particular, the
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homological mirror symmetry [10] states that the derived category of coherent sheaves on a Ka¨hler
manifold should be isomorphic to the Fukaya category of a mirror symplectic manifold. The Fukaya
category is described by the Lagrangian submanifolds of a given symplectic manifold as its objects
and the Floer homology groups as their morphisms. Since emergent gravity is aimed at construct-
ing a Riemannian geometry from a symplectic geometry, it will be interesting to see how the mirror
symmetry in string theory is realized from the emergent gravity approach.
Recently we showed [11, 12] that a holomorphic line bundle with a nondegenerate curvature two-
form of rank 2n is equivalent to a 2n-dimensional Ka¨hler manifold. This relation was first found
and explored in the context of topological strings in [13]. In particular, CY n-folds for n = 2 and 3
are emergent from the commutative limit of NC U(1) instantons in four and six dimensions, respec-
tively, where quantum algebra reduces to a classical Poisson algebra. Since CY manifolds are derived
from the commutative limit of NC Hermitian U(1) instantons, it should be interesting to investigate
how to realize the mirror symmetry of CY manifolds from the NC U(1) gauge theory according to
the emergent gravity picture. The basic idea is to observe that there are two independent sources of
symplectic structures in six dimensions as was briefly explained in Ref. [12]. Since a symplectic
manifold (M,B) is an orientable manifold, so admits a globally defined volume form, one can in-
troduce the Hodge dual operator ∗ : Ωk(M) → Ω6−k(M) between k-form and (6 − k)-form vector
spaces. In particular, this implies that the vector space of two-forms Λ2M = Ω2(M) ⊕ ∗Ω4(M) is
doubled since one can get a two-form B˜ = ∗C ∈ Ω2(M) by taking the Hodge-dual of a four-form
C ∈ Ω4(M). It can be shown that the new two-form B˜ = ∗C is a symplectic two-form if the four-
form C is co-closed and nondegenerate. The symplectic structure (M, B˜) is completely independent
of the original one (M,B). Since emergent geometry is derived from the deformation of symplectic
structures and this deformation can be represented by NC U(1) gauge fields via the Darboux theo-
rem, the symplectic structure (M, B˜) will also generate (dual) NC U(1) gauge fields and give rise
to a corresponding (dual) emergent geometry, as illustrated in Eqs. (3.15) and (3.16). In this paper
we will explore the physical consequence of the doubling of sympectic structures from the emergent
geometry perspective.
In this paper, we explore the relation between the NC U(1) gauge theory in six dimensions and the
Ka¨hler gravity on a non-compact CY threefold and identify the curvature of a holomorphic line bundle
with the Ka¨hler form for a CY manifold. We observe that, due to the nontrivial four-form on a CY
manifold, one can define the second dual holomorphic line bundle whose curvature is related to the
Hodge-dual of the four-form and argue that the CYmanifold emergent from the dual holomorphic line
bundle is mirror to the CY manifold emergent from the ordinary holomorphic line bundle. In fact, this
relation has been found and studied in [13] and the similar question has been further discussed in the
papers [14, 15, 16], although the language is a bit different, involving the counting of cohomologies
via topological strings or the duality transformations of D-branes of different codimensions. It was
also noted in [15, 16] that the duality in [13] follows from the S-duality of type IIB superstrings.
Although the duality transformation implies essentially the same result as ours for the mirror relation
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in CY manifolds, it has not been surfaced yet to explicitly show how to construct the mirror pair in
terms of U(1) gauge theory. Our paper fills out the gap by the explicit gauge theory construction of
the mirror pair and our result is obtained without using the machinery of topological string theory and
the conjectured web of dualities in string theory. Since the duality found in [13] can be reformulated
from the emergent gravity perspective, it is hoped that our gauge theory realization of the mirror pairs
sheds light on the duality between Gromov-Witten invariants of a CY threefoldX and a topologically
twisted NC U(1) gauge theory onX .
This paper is organized as follows. In section 2, we recapitulate the basic idea on the Ka¨hler man-
ifolds emergent from a holomorphic line bundle with a nondegenerate curvature two-form [11, 12].
The emergent CY manifolds are derived in a more elegant way by realizing the emergent gravity
using the associative algebra of NC U(1) gauge fields. In section 3, we observe that the variety of
six-dimensional manifolds emergent from NC U(1) gauge fields is doubled thanks to the isomor-
phism between two-forms and four-forms by the Hodge duality. Therefore the emergent gravity in
six dimensions suggests a beautiful picture that the doubling for the variety of emergent CY mani-
folds allows us to arrange a pair of CY manifolds such that they are mirror to each other. In section
4, we argue that two CY manifolds arising from a line bundle and a dual line bundle are a mirror pair
and thus the mirror symmetry of CY manifolds is the Hodge theory for the deformation of symplec-
tic and dual symplectic structures. In section 5, we discuss some generalization of emergent Ka¨hler
manifolds.
2 Holomorphic Line Bundle and Ka¨hler Manifolds
Let π : L → M be a line bundle over a six-dimensional complex manifold M whose connection is
denoted byA = Aa(x)dxa. The curvature of the line bundle L is given by F = 12Fabdxa∧dxb = dA.
Given a complex structure of the base manifoldM , one can canonically decompose the curvature two-
form as
F = F (2,0) ⊕F (1,1) ⊕ F (0,2). (2.1)
A holomorphic line bundle L over M is a complex vector bundle of (complex) rank one admitting
holomorphic transition functions [17]. A line bundle L becomes a holomorphic line bundle if
F (2,0) = F (0,2) = 0. (2.2)
Accordingly, the curvature of a holomorphic line bundle L consists of a (1, 1)-form only, i.e., F =
F (1,1).
For simplicity, we will assume thatM = C3, whose complex coordinates are given by
zi = y2i−1 +
√−1y2i, z i¯ = y2i−1 −√−1y2i, i, i¯ = 1, 2, 3. (2.3)
Later we will briefly discuss a generalization to a compact complex manifold, e.g.,M = T 6 ∼= T 3C, a
three-dimensional complex torus. According to the complex coordinates in Eq. (2.3), the connection
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of L, which is called U(1) gauge fields, also takes the decomposition given by
Ai = 1
2
(A2i−1 −√−1A2i), Ai = 12
(A2i−1 +√−1A2i). (2.4)
Then the field strengths of (2, 0) and (1, 1) parts in Eq. (2.1) are, respectively, given by
Fij = 1
4
(F2i−1,2j−1 −F2i,2j)−
√−1
4
(F2i−1,2j + F2i,2j−1), (2.5)
Fij =
1
4
(F2i−1,2j−1 + F2i,2j)+
√−1
4
(F2i−1,2j − F2i,2j−1). (2.6)
Therefore, the curvature of a holomorphic line bundle, i.e., Fij = Fij = 0, must obey the relation
F2i−1,2j−1 = F2i,2j , F2i−1,2j = −F2i,2j−1, i, j = 1, 2, 3. (2.7)
Since Fij = ∂iAj−∂jAi and Fi¯j¯ = ∂ i¯Aj−∂ j¯Ai, the condition (2.2) for the holomorphic line bundle
can be solved by
Ai = −
√−1
2
∂iφ(z, z), Ai =
√−1
2
∂ i¯φ(z, z) (2.8)
where φ(z, z) is a real smooth function on C3. Then the field strength of a holomorphic line bundle
is given by
Fij =
√−1∂i∂ j¯φ(z, z). (2.9)
Suppose thatM is a six-dimensional complex manifold with the metric ds2 = Gµν(x)dxµdxν . On
a complex manifold, the metric can also be decomposed into three types:
Gµν = Gαβ ⊕ Gαβ ⊕ Gαβ, (2.10)
where we have split a curved space index µ = 1, · · · , 6 = (α, α¯) into a holomorphic index α = 1, 2, 3
and an anti-holomorphic one α¯ = 1, 2, 3, similarly a tangent space index a = 1, · · · , 6 = (i, i¯) into
i = 1, 2, 3 and i¯ = 1, 2, 3. A complex manifoldM is called a Hermitian manifold [18] if
Gαβ = Gαβ = 0. (2.11)
In terms of real components, the Hermitian condition (2.11) means that
G2α−1,2β−1 = G2α,2β , G2α−1,2β = −G2α,2β−1, α, β = 1, 2, 3, (2.12)
which looks similar to Eq. (2.7) although one is antisymmetric and the other is symmetric. After all,
the Hermitian metric consists of (1, 1)-type only, i.e.,
ds2 = Gαβ(z, z)dzαdzβ¯. (2.13)
Given a Hermitian metric, one can introduce a fundamental two-form defined by
Ω =
√−1Gαβ(z, z)dzα ∧ dzβ¯. (2.14)
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A Ka¨hler manifold is defined as a Hermitian manifold with a closed fundamental two-form, i.e.,
dΩ = 0 [18]. The so-called Ka¨hler condition, dΩ = 0, can be solved by the metric given by
Gαβ = ∂α∂β¯K(z, z), (2.15)
whereK(z, z) is a real smooth function on a complex manifoldM and is called a Ka¨hler potential.
Now let us look at the curvature F of a holomorphic line bundle and the Ka¨hler form Ω of a
Ka¨hler manifold that are, respectively, given by
F = √−1∂i∂ j¯φ(z, z)dzi ∧ dzj¯ =
√−1∂∂φ(z, z), (2.16)
Ω =
√−1∂α∂β¯K(z, z)dzα ∧ dzβ¯ =
√−1∂∂K(z, z). (2.17)
Since φ(z, z) and K(z, z) are arbitrary smooth functions on a complex manifold in addition to a
striking superficial similarity of F and Ω, an innocent question naturally arises whether it is possible
to identify them or when we can identity them. If one recalls that the Ka¨hler form Ω is a sym-
plectic structure, then the answer may be obvious. The curvature two-form F must be a symplectic
structure to make sense the identification. Indeed, it was shown in [11, 13] that one can identify
φ(z, z) with K(z, z) if the curvature F of a holomorphic line bundle is a symplectic structure, i.e.,
a nondegenerate, closed two-form. A nondegenerate two-form F = 1
2
Fab(x)dxa ∧ dxb means that
detFab(x) 6= 0, ∀x ∈ M . Of course, it is not a typical situation in the Maxwell’s electromagnetism
where Fab(x)||x|→∞ → 0. To emphasize the nondegenerateness of the field strength, let us represent
it by
F = B + F (2.18)
where B ≡ F||x|→∞ is a nowhere vanishing two-form of rank 6 and F = dA. The identification
of φ(z, z) with K(z, z) means that a holomorphic line bundle with a nondegenerate curvature two-
form of rank 6 is equivalent to a six-dimensional Ka¨hler manifold. Then the real function φ(z, z)
and so K(z, z) will be determined by solving the equations of motion of U(1) gauge fields. In other
words, (generalized) Maxwell’s equations for U(1) gauge fields on a holomorphic line bundle can be
translated into Einstein’s equations for a Ka¨hler manifold. For example, one may wonder what is the
gauge theory object that gives rise to a CY manifold which is a Ka¨hler manifold with a vanishing
first Chern class. It was verified in [11, 12] that CY n-folds for n = 2 and 3 are emergent from the
commutative limit of NC U(1) instantons in four and six dimensions, respectively.
Let us recapitulate why it is possible to make the identification up to holomorphic gauge transfor-
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mations:1
φ(z, z) = K(z, z), (2.19)
if the curvature F of a holomorphic line bundle is regarded as a symplectic structure on M . An
important fact is that a symplectic structure, for instance, the B-field in Eq. (2.18), provides a bundle
isomorphism B : TM → T ∗M by X 7→ A = ιXB where X ∈ Γ(TM) is an arbitrary vector field,
since B is a nondegenerate two-form. As a result, the field strength in Eq. (2.18) can be written as
F = (1 + LX)B ≈ eLXB, (2.20)
where LX = dιX + ιXd is the Lie derivative with respect to the vector field X . Since a vector
field is an infinitesimal generator of local coordinate transformations, in other words, a Lie algebra
generator of diffeomorphisms Diff(M), the result (2.20) implies [1, 2] that it is possible to find a
local coordinate transformation φ ∈ Diff(M) eliminating dynamical U(1) gauge fields in F such that
φ∗(F) = B, i.e., φ∗ = (1 + LX)−1 ≈ e−LX . This statement is known as the Darboux theorem or the
Moser lemma in symplectic geometry [20]. It is arguably a novel form of the equivalence principle
for the electromagnetic force. This fact leads to a remarkable conclusion [3] that, in the presence
of B-fields, the “dynamical” symplectic manifold (M,F) respects a (dynamical) diffeomorphism
symmetry generated by the vector field X ∈ Γ(TM), so the underlying local gauge symmetry is
rather enhanced. Here we mean the “dynamical” for fluctuating fields around a background like Eq.
(2.18). Therefore, we fall into a situation similar to general relativity that the dynamical symplectic
manifold (M,F) can be locally trivialized by a coordinate transformation φ ∈ Diff(M).
In terms of local coordinates, the coordinate transformation φ ∈ Diff(M) may be represented by
φ : ya 7→ xa(y) = ya + θabab(y) (2.21)
where θ ≡ B−1 and the dynamical coordinates ab(y) will be called symplectic gauge fields. By using
the above coordinates, the Darboux transformation obeying φ∗(F) = B is explicitly written as
(
Bab + Fab(x)
)∂xa
∂yµ
∂xb
∂yν
= Bµν , (2.22)
where B is assumed to be constant without loss of generality. Since both sides of Eq. (2.22) are
invertible, one can deduce [21, 22, 23] that
Θab(x) ≡ (F−1)ab(x) = {xa(y), xb(y)}θ
=
(
θ(B − f)θ)ab(y), (2.23)
1Note that both φ(z, z) and K(z, z) are locally defined. They may not fit together on the overlap Ui ∩ Uj to give a
globally defined function on a complex manifoldM where
⋃
i(Ui, z(i)) is a holomorphic atlas ofM [17]. However, the
curvature F and the Ka¨hler form Ω can be globally defined. For example, one can use a U(1) gauge transformation,
A → A + df where f ∈ C∞(M), to glue locally defined functions φ(i) on each coordinate patch Ui. On the overlap
Ui ∩ Uj of two coordinate patches, the U(1) gauge transformation reads as φ(i) = φ(j) + f (ij)(z) + f (ij)(z) where two
real functions φ(i) and φ(j) are defined on Ui and Uj , respectively [19]. This gluing of U(1) gauge fields can be translated
into that of Ka¨hler potentials according to the identification (2.19).
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where we have introduced the Poisson bracket defined by
{ψ(y), ϕ(y)}θ = θµν ∂ψ(y)
∂yµ
∂ϕ(y)
∂yν
(2.24)
for ψ, ϕ ∈ C∞(M) and the field strength of symplectic gauge fields is given by
fab(y) = ∂aab(y)− ∂baa(y) + {aa(y), ab(y)}θ. (2.25)
The identification (2.19) suggests a fascinating path for the quantization of Ka¨hler manifolds.
Note that the symplectic manifold (M,F) is a dynamical system since it can be understood as the
deformation of a symplectic manifold (M,B) by the electromagnetic force F = dA. Thus one
may quantize the dynamical system of the symplectic manifold (M,F) rather than trying to quantize
a Ka¨hler manifold directly [3].2 The quantization Q is straightforward as the dynamical system
equips with the intrinsic Poisson structure (2.24) like as quantum mechanics. An underlying math is
essentially the same as quantum mechanics. It results in a NC U(1) gauge theory [24] on a quantized
or NC space, denoted by R6θ, whose coordinate generators satisfy the commutation relation
[ya, yb] = iθab. (2.26)
The NC ⋆-algebra generated by the Moyal-Heisenberg algebra (2.26) will be denoted by Aθ [25].
The NC U(1) gauge theory is constructed by lifting the coordinate transformation (2.21) to a local
automorphism of Aθ defined by Q : φ 7→ DA which acts on the NC coordinates ya as [22, 26]
DA(ya) ≡ X̂a(y) = ya + θabÂb(y) ∈ Aθ. (2.27)
It ascertains that NC U(1) gauge fields are obtained by quantizing symplectic gauge fields, i.e., Âa =
Q(aa). Upon quantization, the Poisson bracket is similarly lifted to a NC bracket inAθ. For example,
the Poisson bracket relation (2.23) is now defined by the commutation relation
[X̂a, X̂b]⋆ = i
(
θ(B − F̂ )θ)ab, (2.28)
where the field strength of NC U(1) gauge fields Âa is given by
F̂ab = ∂aÂb − ∂bÂa − i[Âa, Âb]⋆. (2.29)
Here we observe [3] that NC U(1) gauge fields describe a dynamical NC spacetime (2.28) which is a
deformation of the vacuum NC spacetime (2.26). To sum up, a dynamical NC spacetime is defined by
the quantization of a line bundle L over a symplectic manifold (M,B) and described by a NC U(1)
gauge theory.
2We have come to a notice that the basic idea on the emergent Ka¨hler manifold in this paper is essentially the same as
the realization of Ka¨hler gravity in terms of U(1) gauge theory presented in a beautiful paper [13]. The authors in [13]
conclude that for topological strings the U(1) gauge theory is the fundamental description of gravity at all scales including
the Planck scale, where it leads to a quantum gravitational foam.
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The identification (2.19) attains its vitality in the following way. It can be shown [11] that the
Darboux transformation (2.22) leads to a remarkable identity between Dirac-Born-Infeld densities
(up to total derivatives):
√
det(g + F) =
√
det(G +B) (2.30)
=
gs
Gs
√
det(G+ F̂ −B), (2.31)
where the flat metrics (g,G) are the Ka¨hler metric of C3 and B its Ka¨hler form. The identity (2.30)
clearly verifies that U(1) gauge fields on the left-hand side must be a connection of a holomorphic
line bundle obeying Fij = Fij = 0 to give rise to a Ka¨hler metric G on the right-hand side and vice
versa. Thus it establishes the identification (2.19).3 This demonstration is also true for the identity
(2.31); a connection on a NC holomorphic line bundle obeying F̂ (2,0) = F̂ (0,2) = 0 gives rise to a
Ka¨hler metric G [11, 12].
Although the identities in Eqs. (2.30) and (2.31) clearly illustrate how to realize the gauge/gravity
duality using a NC U(1) gauge theory based on an associative algebra Aθ, the ⋆-algebra Aθ provides
a more elegant approach for the gauge/gravity duality. A preliminary step to derive gravitational
variables from NC U(1) gauge fields [2, 3, 8] is to note that the NC ⋆-algebra Aθ admits a nontrivial
inner automorphismA defined byO 7→ O′ = U ⋆O⋆U−1 where U ∈ A andO ∈ Aθ. Its infinitesimal
generators consist of an inner derivationD. Then the inner derivationD manifests a well-known Lie
algebra homomorphism defined by the map
Aθ → D : O 7→ adO = −i[O, · ]⋆ (2.32)
for any O ∈ Aθ. Using the Jacobi identity of the NC ⋆-algebra Aθ, it is easy to verify the Lie algebra
homomorphism:
[adO1, adO2 ] = −iad[O1,O2]⋆ (2.33)
for any O1,O2 ∈ Aθ. In particular, we define the set of NC vector fields given by
{V̂a ≡ adD̂a ∈ D|D̂a(y) = pa + Âa(y) ∈ Aθ, a = 1, · · · , 6} (2.34)
where pa = Baby
b and D̂a(y) ≡ DA(pa) = BabX̂b(y). One can apply the Lie algebra homomorphism
(2.33) to the commutation relation
− i[D̂a, D̂b]⋆ = −Bab + F̂ab (2.35)
3Since U(1) instantons on a commutative spaceM are singular and this singularity is resolved in the NC description
of U(1) instantons [27, 28], it is necessary to allow singular U(1) gauge fields on M to make sense the identification
(2.19) in a general context. To admit such a singular gauge field, we need to relax the notion of the line bundle L. The
natural replacement for the holomorphic line bundle L is the rank one torsion free sheaf with the same first Chern class
[13]. We will assume the generalization of the line bundle by allowing singular U(1) gauge fields.
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to yield the relation [2, 8, 29]
ad
F̂ab
= [V̂a, V̂b] ∈ D. (2.36)
The identification (2.19) may be confirmed by using the Lie algebra of derivations in Eqs. (2.34)
and (2.36). To be precise, the derivationD of the associative algebraAθ defined by a NC U(1) gauge
theory is associated with a (quantized) frame bundle of an emergent spacetime manifoldM [3]. For
example, we recently verified a particular case of the identity (2.19) [11, 12] that the commutative
limit of six-dimensional NC Hermitian U(1) instantons obeying the Hermitian Yang-Mills equation
[30, 31, 32]
F̂ = − ∗ (F̂ ∧B), (2.37)
whereB = 1
2
Iµνdy
µ∧dyν is the Ka¨hler form of C3, is equivalent to CY manifolds obeying the (local)
Einstein equation, detGαβ = 1.
3 Doubling of Emergent Calabi-Yau Manifolds
We observed in the previous section that emergent gravity is defined by considering the deformation
of a symplectic manifold (M,B) by a line bundle L→ M . The line bundle L results in a dynamical
symplectic manifold (M,F) by introducing a new symplectic structure F = B + F where F = dA
is identified with the curvature of the line bundle [3]. It is important to note [20] that a symplectic
manifold (M,B) is necessarily an orientable manifold since the symplectic structure B admits a
nowhere vanishing volume form ν = 1
3!
B3. Then a globally defined volume form introduces the
Hodge-dual operation ∗ : Ωk(M)→ Ω6−k(M) between vector spaces of k-forms and (6− k)-forms.
This implies that the vector space Λ2M of two-forms is enlarged twice:
Λ2M = Ω2(M)⊕ ∗Ω4(M), (3.1)
since there are additional two-forms from the Hodge-dual of four-forms in Ω4(M) in addition to the
original two-forms in Ω2(M). Let C be a nondegenerate four-form that is co-closed, i.e., δC = 0
where
δ = − ∗ d∗ : Ωk(M)→ Ωk−1(M) (3.2)
is the adjoint exterior differential operator [17, 18]. Define a two-form B˜ ≡ ∗C. Then we have the
relation
δC = 0 ⇔ dB˜ = 0. (3.3)
Therefore B˜ defines another symplectic structure independent of B. Hence it should be possible
to consider the deformation of the dual symplectic structure B˜ by incorporating a dual line bundle
L˜→M . Then an interesting question is what is a physical consequence of the doubling of symplectic
structures in Eq. (3.1) due to the Hodge duality.
Let A˜ be a U(1) connection of the dual line bundle L˜ and F˜ = dA˜ its curvature. According to
the vector space structure in Eq. (3.1), we identify the curvature F˜ = dA˜ with the Hodge-dual of
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a four-form G, i.e., F˜ = ∗G. The Bianchi identity for L˜ is then equal to the co-closedness of the
four-form G:
dF˜ = 0 ⇔ δG = 0. (3.4)
Using the nilpotency δ2 = 0 [18], the so-called co-Bianchi identity, δG = 0, can locally be solved
by G = δD and the connection A˜ of the dual line bundle L˜ can be identified with the Hodge-dual of
the five-form connectionD, viz., A˜ = − ∗D. As the usual line bundle L over a symplectic manifold
(M,B), the dual line bundle L˜ will similarly deform the dual symplectic structure B˜ of the base
manifoldM , leading to a new symplectic structure
F˜ ≡ B˜ + F˜ = ∗(C +G). (3.5)
Hence the dual line bundle L˜ also results in a dynamical symplectic manifold (M, F˜). Recall that
the symplectic gauge fields in Eq. (2.21) have been introduced via a Darboux transformation φ ∈
Diff(M) such that φ∗(F) = B. Similarly, one can consider a local coordinate transformation φ˜ ∈
Diff(M) such that φ˜∗(F˜) = B˜. Let us introduce Darboux coordinates ua (a = 1, · · · , 6) so that the
coordinate transformation φ˜ ∈ Diff(M) is given by
φ˜ : ua 7→ wa(u) = ua + θ˜abcb(u) (3.6)
where θ˜ ≡ B˜−1 and the dynamical coordinates cb(u) will be called dual symplectic gauge fields.
By using the Darboux coordinates, the coordinate transformation obeying φ˜∗(F˜) = B˜ is explicitly
written as (
B˜ab + F˜ab(w)
)∂wa
∂uµ
∂wb
∂uν
= B˜µν . (3.7)
It should be emphasized that the dual symplectic gauge fields in Eq. (3.6) are completely independent
of the symplectic gauge fields in Eq. (2.21) to be compatible with the doubling of the vector space in
Eq. (3.1).
The dual Poisson structure θ˜ = B˜−1 defines a new Poisson bracket given by
{ψ(u), ϕ(u)}
θ˜
= θ˜µν
∂ψ(u)
∂uµ
∂ϕ(u)
∂uν
(3.8)
for ψ, ϕ ∈ C∞(M). From the Darboux transformation (3.7), one can then deduce the Poisson bracket
relation
(F˜−1)ab(w) = {wa(u), wb(u)}
θ˜
=
(
θ˜(B˜ − f˜)θ˜)ab(u), (3.9)
where the field strength of dual symplectic gauge fields is defined by
f˜ab(u) = ∂acb(u)− ∂bca(u) + {ca(u), cb(u)}θ˜ (3.10)
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with ∂a :=
∂
∂ua
. The quantization Q of the dynamical symplectic manifold (M, F˜) is defined by
canonically quantizing a Poisson algebra (C∞(M), {−,−}
θ˜
) [3]. It leads to another NC ⋆-algebra
A
θ˜
generated by the Moyal-Heisenberg algebra satisfying the commutation relation
[ua, ub] = iθ˜ab. (3.11)
The NC ⋆-algebraA
θ˜
is independent of the previous oneAθ by our construction. For example, a local
automorphism of A
θ˜
defined by Q : φ˜ 7→ DA˜ acts on the NC coordinates ua as [22, 26]
D
A˜
(ua) ≡ Ŵ a(u) = ua + θ˜abĈb(u) ∈ Aθ˜, (3.12)
where Ĉa = Q(ca) are another NC U(1) gauge fields obtained by quantizing dual symplectic gauge
fields ca(u). The covariant dynamical coordinates Ŵ
a(u) satisfy the commutation relation
[Ŵ a, Ŵ b]⋆˜ = i
(
θ˜(B˜ − Ĥ)θ˜)ab, (3.13)
where the field strength of NC U(1) gauge fields Ĉa is given by
Ĥab = ∂aĈb − ∂bĈa − i[Ĉa, Ĉb]⋆˜. (3.14)
In consequence, there exist two independent NC ⋆-algebras to define a dynamical NC spacetime.
They are separately obtained by quantizing the line bundles L and L˜ describing the deformation of
symplectic structures in Ω2(M) and ∗Ω4(M), respectively. Since the two vector spaces in Eq. (3.1)
are isomorphic to each other so that they should be treated on an equal footing, the exactly same
argument for the previous symplectic manifold (M,F) can be equally applied to the dual symplectic
manifold (M, F˜). It is straightforward to derive from the Darboux transformation (3.7) the following
identity between Dirac-Born-Infeld densities (up to total derivatives) [11]:
√
det(g˜ + F˜) =
√
det(G˜ + B˜) (3.15)
=
g˜s
G˜s
√
det(G˜+ Ĥ − B˜), (3.16)
where (g˜, G˜) are the Ka¨hler metric of C3 and B˜ its Ka¨hler form and (g˜s, G˜s) are coupling constants
in the dual gauge theories. The identity (3.15) immediately verifies that U(1) gauge fields on the
left-hand side must be a connection of a holomorphic line bundle obeying F˜ij = F˜ij = 0 to give
rise to a Ka¨hler metric G˜αβ = ∂α∂β¯K˜(z, z) on the right-hand side where K˜(z, z) is the Ka¨hler po-
tential of a Ka¨hler manifold M˜. Thus the field strength of a holomorphic line bundle L˜ is given
by F˜ij = ∂i∂ j¯φ˜(z, z) where φ˜(z, z) is a real smooth function on C3. The identity (3.15) then de-
mands to identify the real function φ˜(z, z) with the Ka¨hler potential K˜(z, z) up to holomorphic gauge
transformations (see the footnote 1), i.e., [11, 12]
φ˜(z, z) = K˜(z, z). (3.17)
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Conversely, if the metric G˜µν is Ka¨hler, F˜ must be the curvature of a holomorphic line bundle. As we
pointed out in footnote 3, it is necessary to replace holomorphic line bundles with torsion free sheaves
of rank one in order to include singular U(1) gauge fields such as U(1) instantons. The torsion free
sheaves fail to be a line bundle in real codimension four [13], which are nothing but the ideal sheaves
in our case. The identity (3.16) similarly requires that NC U(1) gauge fields should be a connection
of a NC holomorphic line bundle satisfying Ĥij = Ĥij = 0. In particular, if the NC U(1) gauge fields
in Eq. (3.16) are NC Hermitian U(1) instantons obeying the Hermitian Yang-Mills equation
Ĥ = − ∗ (Ĥ ∧ B˜), (3.18)
the Ka¨hler metric G˜αβ in Eq. (3.15) describes a CY manifold M˜ [12].
The emergent CY manifold M˜ can be demonstrated on a more concrete basis. As a counterpart of
D̂a(y) = DA(pa), let us introduce covariant NC momenta defined by K̂a(u) ≡ DA˜(p˜a) = B˜abŴ b(u)
where p˜a = B˜abu
b. Then they satisfy the commutation relation
− i[K̂a, K̂b]⋆˜ = −B˜ab + Ĥab. (3.19)
To bear a close parallel to Eq. (2.34), let us consider the set of NC vector fields defined by
{Ẑa ≡ adK̂a ∈ D|K̂a(u) = p˜a + Ĉa(u) ∈ Aθ˜, a = 1, · · · , 6}. (3.20)
One can apply the Lie algebra homomorphism (2.33) to Eq. (3.19) to yield the relation [3, 8]
ad
Ĥab
= [Ẑa, Ẑb] ∈ D. (3.21)
After all, the Hermitian Yang-Mills equation (3.18) can be transformed as [12, 32]
[Ẑa, Ẑb] = −1
2
Tab
cd[Ẑc, Ẑd], (3.22)
where Tab
cd = 1
2
εab
cdef B˜ef and B˜ = 13 ⊗
√−1σ2. Following the exactly same calculation given in
Ref. [12] (see Appendix B), one can show that the commutative limit of Eq. (3.22) is equivalent to
geometric equations for spin connections given by
ω˜ab = −1
2
Tab
cdω˜cd. (3.23)
Note that the spin connections ω˜ab are determined by solving the torsion-free conditions:
T˜ a = dE˜a + ω˜ab ∧ E˜b = 0 (3.24)
for a six-dimensional manifold M˜ whose metric is given by
ds2 = G˜µν(x)dxµ ⊗ dxν = E˜a ⊗ E˜a. (3.25)
It is not difficult to show [12] that the six-dimensional manifold M˜ must be a CY manifold if its spin
connections satisfy the relation (3.23).
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4 Mirror Symmetry of Emergent Geometry
We showed that the doubling of symplectic structures due to the Hodge duality results in two indepen-
dent classes of NC U(1) gauge fields by considering the Seiberg-Witten map [24] for each symplectic
structure. It may be emphasized that this result is a direct consequence of the well-known Hodge
duality stating the doubling of two-form vector spaces in Eq. (3.1). As a result, emergent gravity
leads to an intriguing conclusion that the variety of six-dimensional manifolds emergent from NC
U(1) gauge fields is doubled. Note that a CY manifoldX always arises with a mirror pair Y obeying
the mirror relation [9]
h1,1(X) = h2,1(Y ), h2,1(X) = h1,1(Y ) (4.1)
where hp,q(M) = dimHp,q(M) ≥ 0 is a Hodge number of a CY manifoldM . When we conceive the
emergent CY manifolds from the mirror symmetry perspective, we cannot help investigating how the
doubling for the variety of emergent geometry is related to the mirror symmetry of CY manifolds.
Suppose thatM is a six-dimensional orientable manifold to equip a globally defined volume form.
This volume form allows us to define the Hodge dual operator ∗ : Ωk(M) → Ω6−k(M) on a vector
space
Λ∗M =
6⊕
k=0
Ωk(M), (4.2)
where Ωk(M) is the space of k-forms on T ∗M . Consider a subspace of nondegenerate, closed two-
forms and co-closed four-forms in Λ∗M denoted by S2(M) and S4(M), respectively. Let us take a
direct sum
S(M) ≡ S2(M)⊕ ∗S4(M). (4.3)
If ω ∈ S(M), then ω is a closed, dω = 0, and nondegenerate two-form. Therefore, ω is a symplectic
structure onM . According to the Hodge decomposition theorem [18], any two-form ω ∈ Λ2M in Eq.
(3.1) is decomposed as
ω = ωH + dα+ δβ, (4.4)
and thus the decomposition for a general symplectic two-form ω ∈ S(M) is given by
ω = ωH + dα, (4.5)
where ωH is a harmonic two-form and α ∈ Ω1(M), β ∈ Ω3(M). A harmonic k-form ωH ∈ Ωk(M)
is defined by ∆ωH = 0 where the Laplace-Beltrami operator ∆ : Ω
k(M)→ Ωk(M) is defined by
∆ = dδ + δd. (4.6)
A k-form ωH is harmonic if and only if dωH = 0 and δωH = 0. Then ωH is a unique harmonic
representative in the k-th de Rham cohomology Hk(M) [18]. Note that the harmonic two-form
ωH = ω
2
H⊕∗ω4H in Eq. (4.5) in general consists of harmonic forms inH2(M) andH4(M). Similarly
the one-form α ∈ Ω1(M) in Eq. (4.5) contains α = − ∗ γ with γ ∈ Ω5(M) as well as α = a in
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Ω1(M), that means dα = da⊕∗δγ. We remark that the Hodge decomposition on the exterior algebra
(4.2) is a canonical decomposition given a globally defined volume form from which an oriented
inner product is defined. Hence it is necessary to consider the direct sum (4.3) to realize the Hodge
decomposition (4.5) for a general symplectic structure since ω4H + δγ ∈ S4(M).
Since emergent gravity is based on the symplectic geometry or more generally a Poisson geometry
[3], it is necessary to exhaust, at least, all possible symplectic structures to realize a complete emergent
geometry. Therefore, it is demanded to consider the direct sum (4.3) to exhaust all possible symplectic
structures. For instance, F = B+F in Eq. (2.18) and F˜ = B˜+ F˜ = ∗(C+G) in Eq. (3.5) belong to
the vector space S(M). In general, as we have shown before, the vector space (4.3) can be understood
as a deformation space of primitive symplectic and dual symplectic structures (B, B˜) which is locally
described by a line bundle L over (M,B) and a dual line bundle L˜ over (M, B˜). We verified how
the doubling of symplectic structures in Eq. (4.3) due to the Hodge duality leads to two independent
classes of NC U(1) gauge fields and results in the doubling of emergent geometry. For example, we
showed in Sect. 3 that NC Hermitian U(1) instantons arise as a solution of the Hermitian Yang-Mills
equation (3.18) defined by dual NC U(1) gauge fields Ĉa(u) and give rise to CY manifolds in the
commutative limit, which are independent of CY manifolds emergent from the line bundle L over a
symplectic manifold (M,B). In other words, the variety of emergent CY manifolds is doubled thanks
to the Hodge duality ∗ : S4(M)→ S2(M).
Note that the Euler characteristic of a CY manifoldM is given by [9]
χ(M) = 2
(
h1,1(M)− h2,1(M)). (4.7)
Since two classes of emergent CY manifolds are completely independent of each other, it should
be possible to arrange a pair of CY manifolds (X, Y ) such that χ(X) = −χ(Y ). (A very similar
doubling for the variety of CY manifolds was observed in [33].) Because of the fact hp,q(M) =
dimHp,q(M) ≥ 0, χ(X) = −χ(Y ) necessarily implies the mirror relation (4.1). Consequently,
the emergent gravity suggests a beautiful picture that the mirror symmetry of CY manifolds simply
originates from the doubling of symplectic structures in Eq. (4.3). Furthermore, according to the
Hodge decomposition theorem, generic deformations of a symplectic structure can be written as the
form (4.5), in which ωH = ω
2
H ⊕ ∗ω4H is a sum of harmonic forms in H2(M) and H4(M) and
dα = da⊕ ∗δγ with a ∈ Ω1(M) and γ ∈ Ω5(M).
In summary, the generic deformation of a symplectic two-form can be written as the form
ω = (ω2H + da) + ∗(ω4H + δγ). (4.8)
Note that ω belongs to the vector space in Eq. (4.3), i.e., ω ∈ S2(M) ⊕ ∗S4(M) because dω =
d(ω2H + da) + ∗δ(ω4H + δγ) = 0. We showed that the deformations in S2(M) are locally described
by a line bundle L → M while those in ∗S4(M) are modeled by a dual line bundle L˜ over M .
Those two deformations are independent of each other and result in two independent classes of CY
manifolds. Therefore we can derive two independent classes of CY manifolds from the deformations
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in Eq. (4.8) and classify them according to their topological invariants. Since the Euler characteristic
χ(M) of a CY 3-fold M can have an arbitrary sign unlike the four-dimensional case in which the
Euler characteristic must be positive semi-definite, we may arrange a pair of CY manifolds (X, Y )
such that χ(X) = −χ(Y ) in which CY manifolds X and Y are emergent from the classes S2(M)
and S4(M), respectively. The formula (4.7) indicates that the only solution for χ(X) = −χ(Y ) is to
satisfy the mirror relation (4.1). (Note that the Hodge diamond for a CY 3-fold is determined by only
two independent Hodge numbers h1,1 and h2,1 besides fixed ones h3,0 = h0,3 = h0,0 = h3,3 = 1.)
Therefore, the emergent gravity picture implies that the mirror symmetry of CY manifolds can be
understood as the Hodge theory for the deformations of symplectic and dual symplectic structures
characterized by Eq. (4.8).
5 Discussion
The identification (2.19) implies a general result [11, 12] that a holomorphic line bundle with a nonde-
generate curvature two-form is equivalent to a six-dimensional Ka¨hler manifold. A generalization to
torsion free sheaves or ideal sheaves must be implemented to incorporate singular U(1) gauge fields
such as U(1) instantons. Since the real function φ(z, z) will be determined by solving the equations
of motion of U(1) gauge fields, it means that (generalized) Maxwell’s equations for U(1) gauge fields
on a holomorphic line bundle can be translated into Einstein’s equations for a Ka¨hler manifold. A
particular case was verified in [11, 12] that the Einstein equations for CY n-folds for n = 2 and 3 are
equivalent to the equations of motion for the commutative limit of NC U(1) instantons in four and six
dimensions, respectively. Recall that the metric for a Ka¨hler manifold is basically determined by a
single function, the so-called Ka¨hler potential, although the gluings described in the footnote 1 must
be implemented to have a globally defined metric. As a result, the Ricci tensor of a Ka¨hler manifold
is extremely simple and it is given by [18]
Rαβ = −
∂2 ln detGγδ
∂zα∂zβ¯
. (5.1)
Using the identity (2.19), it must be possible to relate the Ricci tensor (5.1) to some equations of
U(1) gauge fields on a holomorphic line bundle. It will be interesting to find an explicit form of the
equations for holomorphic U(1) gauge fields.
So far we have assumed that a complex manifold M is noncompact, e.g., C3. It is desirable to
generalize the results in this paper to compact complex manifolds, e.g., T 6, T 2×K3, and CP3, which
are all compact symplectic (i.e., Ka¨hler) manifolds. We can put a holomorphic line bundle on such
a compact Ka¨hler manifold. Then, similarly to the noncompact case, the line bundle will deform an
underlying symplectic (i.e., Ka¨hler) structure of the base manifold and end in a dynamical symplectic
manifold. The resulting symplectic structure can be identified with the Ka¨hler form of a Ka¨hler man-
ifold emergent from the holomorphic line bundle over a compact complex manifold. Therefore, we
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still have the local identification (2.19) even for a compact manifold. However, an explicit construc-
tion of Poisson algebras and covariant connections on a compact Ka¨hler manifold will be much more
difficult than a noncompact case. In particular, the gluing of coordinate patches for a holomorphic
atlas of a compact manifold, described in the footnote 1, will be more nontrivial compared to, e.g.,
C
3. The quantization of a compact Ka¨hler manifold will also be a more challenging issue. Thus
a sophisticated mathematical tool for emergent geometry would be requested for the compact case.
Nevertheless, the conclusion for the noncompact case will be true even for compact Ka¨hler manifolds
because main features such as Eqs. (4.3) and (4.5) invariably hold for any symplectic manifold.
In four dimensions, it has been possible to accomplish an explicit test of emergent gravity with
known solutions in gravity and gauge theory [34, 35]. In higher dimensions, it becomes more difficult
to obtain an explicit solution in gravity as well as gauge theory. Fortunately, some solutions in six
dimensions are explicitly known for Ricci-flat Ka¨hler manifolds [36] and NC Hermitian U(1) instan-
tons [31, 37]. Therefore, it will be interesting to examine an explicit test of six-dimensional emergent
gravity for the known solutions in both gravity and gauge theory.
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